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ABSTRACT
Small asteroids are lost from the main belt by rotational disruption, catastrophic collisions,
chaotic orbital evolution and evolution driven by Yarkovsky radiation forces. However, the
timescales of these loss mechanisms are not known. In the inner main belt, the mean sizes of
the high-inclination, non-family asteroids increase with increasing orbital inclination. Here,
we show that this observation is accounted for by the unique resonant structure of the inner
main belt that results in the loss of asteroids through the escape hatches at the ν6 secular
resonance and the 3:1 Jovian mean motion resonance. From the observed asteroid size and
orbital inclination distributions, we show that orbital evolution due to Yarkovsky radiation
forces is the dominant loss mechanism for asteroids with diameters 2 . D . 7 km. We
also show that Yarkovsky-driven orbital evolution accounts for the observed non-linear size-
frequency distributions of the major asteroid families. From the observed asteroid size and
orbital inclination correlation, we calculate that, on average, over the age of the solar system,
the semimajor axes of the asteroids change on a timescale . 13.4+1.4−1.2(D/1 km) Gyr. This
timescale is an upper limit because (a) asteroids experience collisional evolution and thus
their current sizes are mostly less than their formation sizes and (b) it is possible that the spin
directions of the asteroids have experienced reversals with the result that the sense of orbital
evolution, either towards or away from the Sun, has not been constant.
Key words: keyword1 – keyword2 – keyword3
1 INTRODUCTION
Recent measurements of the isotopes of some unstable elements in
a wide range of chondritic and iron meteorites show that all aster-
oids were formed in two distinct reservoirs of either carbonaceous
(CC) or non-carbonaceous (NC) material that were separated in the
solar nebula by location and by time of formation (Kruijer et al.
2017). Numerical investigations of the formation and associated or-
bital evolution of the major planets suggest that the asteroids that
accreted in these two reservoirs, one exterior (CC) and the other
interior (NC) to Jupiter, were then scattered by planetary perturba-
tions into the present asteroid belt and thus that the large asteroids
in the present belt are the remnants of the original building-blocks
of both the terrestrial planets and the initial solid cores of the major
planets (Walsh et al. 2011). After all planetary migration ceased,
further evolution of the asteroid belt has been driven by: the colli-
sional and rotational destruction of small asteroids and the creation
of new, smaller asteroids out of the impact debris of larger asteroids
(Dohnanyi 1969; Jacobson et al. 2014); by chaotic orbital evolu-
⋆ E-mail: sdermott@ufl.edu
tion (Wisdom 1985; Farinella et al. 1994; Morbidelli & Nesvorný
1999; Minton & Malhotra 2010); and by the Yarkovsky-driven
transport of small asteroids to escape hatches located at orbital
resonances (Migliorini et al. 2001; Farinella & Vokrouhlický 1999;
Vokrouhlický & Farinella 2000).
Depletion of the asteroid belt due to collisional evolution was
first discussed by Dohnanyi (1969) in terms of an equilibrium cas-
cade resulting from destructive collisions between solid asteroids
with strengths independent of their size. However, since that early
work, measurements of the low mean densities and, by implication,
the high porosities of some asteroids, and spacecraft observations
of substantial asteroid regoliths, strongly suggest that most small
asteroids, and possibly many large asteroids, are not coherent solid
bodies, but unconsolidated rubble-piles that have been shattered
and gravitationally reaccumulated many times (Davis et al. 1985;
Holsapple et al. 2002). In discussing and quantifying the collisional
lifetime of a main belt asteroid, we must distinguish between the
time needed to shatter an asteroid and the time needed to disperse
the shattered fragments. Because of the lack of either experimental
data or numerical models of rubble-pile disruptions, the dispersal
time is effectively unknown (Holsapple et al. 2002). In addition,
© 2020 The Authors
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Figure 1. Panel A: A scatter plot of proper inclination I against semimajor axis, a for all asteroids in the IMB with absolute magnitude H < 16.5. The major
asteroid families defined by Nesvorný (2015) are colour-coded: Nysa-Polana-Eulalia (magenta), Massalia (blue), Flora (cyan) and Vesta (green). The dashed
curve is the ν6 secular resonance. Panel B: The Nesvorný major families. Panel C: The Nesvorný non-family asteroids after removal of all the family asteroids
(black).
Table 1. Nesvorný (2015) families in the IMB with H < 16.5.
# Family N amin (au) amax (au) emin emax Imin (deg) Imax (deg)
401 4 Vesta 9,631 2.2407 2.4897 0.0747 0.1323 5.37 7.75
402 8 Flora 7,226 2.1664 2.3978 0.1034 0.1802 2.79 7.17
404 20 Massalia 1,450 2.3260 2.4801 0.1390 0.1888 0.84 1.82
405 44 Nysa-Polana-Eulalia 7,975 2.2433 2.4825 0.1245 0.2220 1.82 3.88
403 298 Baptistina 1,305 2.2014 2.3263 0.1234 0.1672 4.76 6.66
406 163 Erigone 777 2.3143 2.4224 0.1913 0.2207 4.34 5.85
407 302 Clarissa 36 2.3871 2.4145 0.1037 0.1098 3.24 3.56
408 752 Sublimities 175 2.4013 2.4882 0.0817 0.1023 4.79 5.68
409 1892 Lucienne 98 2.4270 2.4801 0.0841 0.1049 14.26 14.74
410 27 Euterpe 177 2.2969 2.4578 0.1751 0.2014 0.45 1.22
411 1270 Datura 3 2.2347 2.2349 0.1534 0.1535 5.30 5.30
412 21509 Lucascavin 1 2.2812 2.2812 0.1269 0.1269 5.23 5.23
413 84 Klio 259 2.2726 2.4601 0.1741 0.2114 8.29 11.18
414 623 Chimaera 87 2.4054 2.4887 0.1331 0.1625 14.12 15.36
415 313 Chaldea 101 2.3399 2.4596 0.2117 0.2432 9.79 12.03
416 329 Svea 35 2.4280 2.4895 0.0797 0.1023 15.81 16.38
417 108138 2001 GB11 1 2.4649 2.4649 0.1525 0.1525 3.93 3.93
given that the internal structure of a familyâĂŹs precursor asteroid
is determined not only by the circumstance of the last collision that
resulted in fragment dispersal and family formation, but also by the
total collisional history of the asteroid prior to its destruction, the
initial size-frequency distributions (SFDs) of the asteroid families
cannot be predicted.
Orbital evolution due to Yarkovsky radiation forces accounts
for the V-shaped distribution of family asteroids in semimajor axis
and inverse diameter (1/D) space and these observations have been
used to date some of the large families (Spoto et al. 2015). How-
ever, the rate of orbital evolution due to radiation forces has not been
measured for anymain-belt asteroid. Thus, these family ages are un-
certain, partly because the thermal properties of the asteroids are
uncertain, but also because other parameters, particularly the mean
density, are uncertain. The escape hatches that bound the inner main
belt (IMB) are the ν6 secular resonance and the 3:1 Jovian mean
motion resonance (Wisdom 1985; Farinella et al. 1994). Here, we
show that because of the unique resonant structure of the IMB, the
high-inclination orbits in the IMB are depleted of small asteroids.
Analysis of the observed asteroid size and orbital inclination corre-
lation allows us to separate the effects of Yarkovsky-driven orbital
evolution from all other asteroid loss mechanisms and to constrain
the timescales of those mechanisms.
2 ASTEROID SIZE AND ORBITAL INCLINATION
DISTRIBUTIONS
In Fig. 1, we show the asteroids in the IMB with absolute magni-
tude H < 16.5, the observational completeness limit of the IMB
(Dermott et al. 2018). The asteroids that are the subject of our in-
vestigation are bound in a-e-I space by the resonant escape hatches
at the 3:1 Jovian mean motion resonance at a ≃ 2.5 au, where the
orbital periods of Jupiter and an asteroid are in the ratio 3:1, and
at the ν6, eccentricity-type, secular resonance at semimajor axes,
ν6(I), given by
ν6(I) = 4.99332 sin2 I − 0.28734 sin I + 2.10798 au (1)
(Murray & Dermott 1999; Delbo´ et al. 2019). These asteroids have
proper (or long-term average) orbital elements (Knežević & Milani
2000) in the ranges: 2.1 < a < 2.5 au, 0 < e < 0.325, and
0 < I < 16.5 deg where a, e and I are, respectively, the proper
semimajor axis, the proper eccentricity and the proper inclination.
The major families in the IMB, as defined by Nesvorný et al.
(2002); Nesvorný (2015) using the Hierarchical Clustering Method
(HCM), are listed in Table 1. HCM is a clustering algorithm
(Zappala et al. 1990) that defines a separation distance of orbits
MNRAS 000, 1–12 (2020)
Yarkovsky mobility of main belt asteroids 3
0 5 10 15 20
Proper inclination (degree)
0
500
1000
1500
2000
2500
3000
N
um
be
r o
f a
st
er
oi
ds
H < 16.5
16.0 < H < 16.5
(normalized)
a
20 18 16 14 12 10
H magnitude
1
2
3
4
5
lo
g 1
0(d
N)
1 2 4 8 16 32
Diameter (km)
Major families
Non-family ( I < 9 )
Non-family ( I > 9 )
b
Figure 2. Panel A: The red plot shows all the Nesvorný non-family asteroids
with H < 16.5, the IMB observational completeness limit. The blue plot,
that has been normalized to have an area equal to the red plot, shows the small
(16.0 < H < 16.5) non-family asteroids. Comparison of these two plots
shows that there is a marked lack of small asteroids with high-inclination
orbits. Panel B: Quadratic polynomial fits to the SFDs (with dH = 0.5)
for the asteroids in the separate Nesvorný major families (yellow), the non-
family (I < 9) asteroids (magenta) and the non-family (I > 9) asteroids
(blue). Nominal asteroid diameters have been calculated from H assuming
an albedo of 0.13.
in a-e-I space that is chosen to limit family overlap. This separa-
tion distance has no dynamical significance and the HCM cannot
be used to attach the asteroids in the extensive family halos to their
parent families, or to separate the family-halo asteroids from the
non-family asteroids that do not originate from the major families.
This is a major problem for the analysis described in this paper. To
minimize that problem, we confine our analysis to a small portion
of the IMB that is devoid of all asteroids in the known families and
of all the asteroids in the halos of the major families.
The distribution of the inclinations of these non-family aster-
oids is shown in Fig. 2. The IMB is special in that there are no
major asteroid families with proper I > 9 deg, and at this inclina-
tion there is a marked decrease in the number density of asteroids
(see also Fig. 1c). Numerical investigations of the stability of the
orbital inclinations show that any transport of asteroids between the
low- and the high-inclination asteroids, that is, the I > 9 and the
I < 9 asteroid groups, by chaotic orbital evolution can be discounted
(Appendix A). Thus, we can be confident that this small group of
non-family asteroids with high inclinations (I > 9), that is devoid
of all family asteroids, is also devoid of the asteroids in the halos of
the major families.
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Figure 3. Panels A, B and C: The vertical dotted lines show the ranges of
H used in fitting the linear slopes of the SFDs of the large asteroids. Panel
D: For Massalia, a linear slope is fitted to the SFD of the small asteroids
with 16.5 > H > 13.5. In all of the panels, the vertical dashed line is
the observational completeness limit in the IMB, H = 16.5 (Dermott et al.
2018).
A collisional cascade is described by
log dN = bH + c (2)
where dN is the number of asteroids in a box of width dH and c is
a constant for asteroids with the same albedo. A cascade spanning
all sizes must have b < 0.6 otherwise most of the mass would be
in the smallest asteroids and the total mass in the cascade would be
infinite (Durda & Dermott 1997). Dohnanyi (1969) calculated that
an equilibrium cascade would have a slope b = 0.5. However, the
slopes of the SFDs of the large asteroids in the major families are
observed to be > 0.6 and in the case of the Vesta family and the
Nysa-Polana-Eulalia family complex, the slopes are close to unity
(Fig. 3). These large slopes are not compatible with a collisional
cascade and are likely the result of the total bombardment history
of the precursor asteroids before family formation.
In Fig. 4, we see that the slopes of the SFDs of the small aster-
oids (H > 14) in the major families vary with H and tend to zero for
H between 17 and 18. The existence of large families is evidence
that small asteroids are created by the catastrophic destruction of
large asteroids and by cratering events. Therefore, we must expect
collisional evolution to change the SFDs of the smaller asteroids.
However, collisional evolution is not the only process that deter-
mines the observed SFDs. We argue here that the decrease of the
slopes of the SFDs with increasing H is evidence that small aster-
oids are lost from the system, mostly by Yarkovsky-driven orbital
evolution. DohnanyiâĂŹs equilibrium cascade model, that predicts
a linear log-log SFD, fails because once these small asteroids have
left the system, the cascade cannot be maintained because there are
too few asteroids capable of destroying the larger asteroids.
If we could compare the SFD of an asteroid family with the
SFD of the asteroids in that familyâĂŹs halo, we would expect the
SFDs to be the same. At the time of family formation, the two groups
would have a common SFD and given that both groups formed from
the same precursor asteroid, at the same time, and with similar or-
bital elements, we expect the SFDs of the two groups to evolve
MNRAS 000, 1–12 (2020)
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Figure 4. Panel A: Quadratic polynomial fits to the SFDs (with dH = 0.1)
for the asteroids in the separate Nesvorný major families and for the non-
family (I > 9) asteroids. Nominal asteroid diameters have been calculated
from H assuming an albedo of 0.13. Panel B: Variation with absolute
magnitude, H of the slopes to the quadratic fits shown in panel A.
together and always remain similar. In Fig. 2b, we observe that the
SFD of the major families, taken as a whole, and the SFD of low-
inclination (I < 9), non-family asteroids are closely similar, sup-
porting our argument that the low-inclination (I < 9), non-family,
asteroid group is dominated by the asteroids in the major-family
halos (Dermott et al. 2018). In contrast, in Fig. 2b we observe that
the high-inclination (I > 9), non-family group, which is devoid of
both major-family and family-halo asteroids has a markedly differ-
ent SFD: the high-inclination, non-family asteroids are deficient in
small asteroids. This depletion of small asteroids in high inclination
orbits is also evident in Fig. 2a.
The variation with H of the mean inclination, I of the high-
inclination (I > 9), non-family asteroids is shown in Fig. 5. Plotting
the data binned in H shows that the mean I increases with increasing
asteroid size (Dermott et al. 2018). By binning the same data in I , we
observe that the decrease in mean H with increasing I is a property
of the high-inclination (I > 9), non-family asteroids alone. This
group of 4,414 high-inclination, non-family, IMB asteroids, that is
deficient in small asteroids, is the focus of our investigation.
3 MODELS AND RESULTS
Mutual gravitational interactions force the eccentricities of the plan-
etary orbits to vary periodically on timescales of between ∼ 50, 000
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Figure 5. Panel A: Variation of the mean proper inclination of the high-
inclination (I > 9), non-family asteroids with absolute magnitude, H . The
data is shown binned in H , but the slope has been determined from the
individual points. Panel B: Variation of the mean absolute magnitude, H of
all the non-family asteroids in the IMBwith proper inclination, I . In contrast
to panel A, the data in panel B are shown binned in proper inclination, I .
and ∼ 500, 000 years (Murray & Dermott 1999). An eccentricity-
type secular resonance occurs when the average rate of change of
the longitude of an asteroidâĂŹs pericenter equals one of the eigen-
frequencies of the planetary system. In general, the location of an
eccentricity-type secular resonance depends on both e and I . How-
ever, all the asteroids in our IMB data set have I < 16.5 deg and at
these inclinations the location of the ν6 resonance is largely eccen-
tricity independent (Morbidelli 2002). Yarkovsky forces transport
small asteroids in the IMB to one of the bounding resonances, either
the 3:1 Jovian resonance or ν6, depending on the spin direction of
the asteroid (Bottke et al. 2002): witness the spread in the semima-
jor axes of the family asteroids shown in Fig. 1. On encountering
the ν6 resonance, numerical integrations by Farinella et al. (1994)
have shown that resonant forces increase the eccentricity while the
semimajor axis and the proper inclination remain unchanged with
the result that the asteroid remains in resonance as the eccentricity
increases to values approaching unity, allowing asteroids to fall into
the Sun. Similar large increases in eccentricity occur when aster-
oids are captured in the 3:1 Jovian resonance (Wisdom 1985). Once
either of these resonances is encountered, asteroids are lost from the
asteroid belt on timescales ∼ 106 yr that are small compared with
the transportation timescales.
Jacobson et al. (2014) have argued that asteroids are lost from
themain belt not only through destructive collisions that result in the
creation of rubble-pile asteroids, but also through YORP-induced
rotational disruption (Rubincam 2000). However, to account for
the observed correlations between the mean inclinations and the
MNRAS 000, 1–12 (2020)
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Figure 6. Panel A: Model for the depletion of all the non-family asteroids in the IMB due to (a) a Yarkovsky force that changes the semimajor axes on a
timescale TY , and (b) due to all other loss mechanisms that do not depend on the proper inclination, I and result in loss of asteroids on a timescale TL . α and β
describe the dependence of these timescales on the asteroid diameter, D, b is the slope of the initial SFD and c is a normalizing constant that determines the
total number of asteroids in the distribution. The magenta curve shows the SFD at time zero and the blue curve the SFD after 4.6Gyr of evolution. The green
and orange curves show, respectively, the total number of asteroids lost through the resonance escape hatches and the total number lost through all other loss
mechanisms. Panels, B, C and D: Comparison of the model results with the observations. The grey points in panels B and C are not used in the fits.
mean sizes of the high-inclination (I > 9) asteroids, we need a loss
mechanism that is dependent on the proper inclinations. Uniquely,
in the IMB, the transport of small asteroids to the escape hatches
at the bounding resonances, driven by Yarkovsky radiation forces,
provides such a mechanism. Thermal emission from a rotating as-
teroid is anisotropic with respect to the Sun-asteroid line and this
anisotropy results in a weak force that, depending on the spin di-
rection of the asteroid, expands or contracts the orbit. In the IMB,
the separation in semimajor axis of the two escape hatches is de-
termined by the proper inclination and this separation varies almost
linearly from ∼ 0.3 au at I = 9 deg to zero at I = 17.8 deg
(Fig. 1). The solar radiation intercepted by an asteroid increases as
D
2, while the asteroid inertia increases as D3 with the result that
the asteroid acceleration increases as 1/D, a result that has been
confirmed by measurements of the rates of change of the semimajor
axes of very small near-Earth asteroids (NEAs) (Greenberg et al.
2020). The rates of change of the semimajor axes of the asteroids
do not depend on their inclinations, but in the IMB the lengths of
the escape routes to the bounding resonances decrease with increas-
ing inclination. This results in a depletion of the smallest asteroids,
with the highest rates of change of semimajor axis, from the high-
inclination orbits.
Our models compute the number of asteroids lost from the
IMB due to the action of two mechanisms. The first mechanism,
that proves to be dominant in the size range we investigate, depends
on the Yarkovsky radiation force. This force produces large-scale
systematic changes in the semimajor axes of the asteroids and is
the only force that drives the asteroids to the escape hatches at the
bounding resonances. Greenberg et al. (2020) used radar and optical
observations of NEAs to estimate the strength of the Yarkovsky
forces experienced by very small asteroids. They ignored the less
important seasonal component of the Yarkovsky force and used the
diurnal component to calculate that the average rate of change of
the semimajor axis is given by
da
dt
= ±ξ 3
4π
1√
a
1
1 − e2
L⊙
c
√
GM⊙
1
Dρ
, (3)
where L⊙ and M⊙ are, respectively, the solar luminosity and the
solar mass, c is the speed of light, and D and ρ and are, respectively,
the diameter and mean density of the asteroid. The Yarkovsky ef-
ficiency, ξ, depends on the spin pole obliquity and the thermal
properties of the asteroid (Bottke et al. 2002). On evaluating this
equation, Greenberg et al. (2020) obtain
da
dt
= ±14.4( ξ
0.1
)√1 au
a
( 1
1 − e2
) (1 km
D
) ( 1000 kg m−3
ρ
) 10−4 au
Myr
.
(4)
The range of semimajor axes in our models corresponding to
I = 13.5 deg is 0.17 au. Over this small range, we ignore the
MNRAS 000, 1–12 (2020)
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Figure 7. The panels are the same as those shown in Fig. 6. However, in this model we have b = 0.70 rather than b = 0.55 and this changes the value of the
best fit TL and the goodness of the fits.
dependence of the Yarkovsky force on the semimajor axis and use
an average value of a = 2.4 au. We also ignore the eccentricity
term. With these approximations, for asteroids in our non-family
(I > 9) data set, equation (4) reduces to
1
a
da
dt
= ±3.9 ξ (1 km
D
) ( 1000 kg m−3
ρ
)
Gyr
−1 . (5)
While we expect da/dt ∝ 1/D and this is supported by the
observations analyzed by Greenberg et al. (2020), it is possible that
the mean density ρ varies systematically with the asteroid diameter
(Carry 2012). Accordingly, in our models we use the more general
expression
1
a
da
dt
= ±( 1
TY
) ( 1 km
D
)α
, (6)
where TY is the Yarkovsky timescale. The two largest uncertainties
in TY are ξ, the Yarkovsky efficiency, and ρ, the bulk mean density.
From observations of near-Earth asteroids, Greenberg et al. (2020)
estimate that ξ, ranges from near-zero to over 0.7 with a median
value of 0.12+0.16−0.06 . Carry (2012) finds that the mean density of
small, porous asteroids varies with diameter, D and for small C-type
and S-type asteroids could be, respectively, as small as 600kgm−3
and 2300kgm−3 . Our data set has an equal number of C and S-type
asteroids suggesting an average value of 1450kgm−3 . Assuming that
ξ = 0.12 and ρ = 1450kgm−3 , we estimate from the observations
of Greenberg et al. (2020) that TY = 3.2 Gyr.
Yarkovsky forces result in a loss mechanism that varies with
the orbital inclination. We note that a higher inclination increases
the average impact speed and this could result in more asteroid
disruptions. However, this is offset by the fact that a higher incli-
nation also results in a lower probability of collision. Other loss
mechanisms that do not depend on the orbital inclination include
catastrophic destruction and asteroid creation, cratering and rota-
tional disruption. All of these loss mechanisms are size dependent
and should be modelled separately, but given that they prove to be
less important in the size range that we consider, it is expedient to
reduce our number of variables by writing
1
N(D)
dN(D)
dt
= −( 1
TL
) ( 1 km
D
)β
, (7)
where TL is the timescale of the non-Yarkovsky loss mechanisms
and N(D) is the number of asteroids of diameter D. Jacobson et al.
(2014) argue that for the asteroids in our size range (2 . D . 7km,
see Fig. 4), the dominant non-Yarkovsky loss mechanism is YORP-
induced rotational disruption (Rubincam 2000) for which β = 2
and TL = 10(D/1km)2 Myr. This timescale is even more uncertain
than the Yarkovsky timescale, partly because of the uncertainties
in the thermal efficiencies and the mean densities, but also because
YORP forces depend on the unknown asymmetrical shapes of the
asteroids.
Our models depend on two assumptions (methods are de-
scribed in Appendix B). The first assumption is that the asteroids
were initially distributed uniformly in a-I space, as suggested by the
present distribution of the high-inclination orbits shown in Fig. 1c.
The second assumption is that asteroid loss is driven by several
mechanisms, but only one of these mechanisms depends on the
orbital inclination. The first assumption allows us to separate the
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Figure 8. The panels are the same as those shown in Fig. 6. Here we model the loss of all the non-family asteroids in the IMB due to a Yarkovsky force alone.
effect of the inclination-dependent mechanism from the other mech-
anisms. In general, our model depends on the five parameters b, α,
TY , β and TL . Binning the data in H and plotting < I > vs. H,
implies that we are only tracking the inclinations of those asteroids
that have one particular size. Given the assumption that the asteroids
are initially uniformly distributed in a-I space, it follows that the
variation of < I > with H is independent of the SFD and depends
only on the Yarkovsky timescale, that is, on the two parameters, α
and TY . Because of this, the models shown in Figs. 6c and 7c, that
use different values of the initial slope of the SFD, b are identical.
By minimizing χ2ν in the plot of < I > vs. H (Fig. 6c), we
obtain the best-fitting TY as a function of α and find that α is
close to unity (Table B1). Assuming that α is unity, the best-fitting
TY = 13.4
+1.4
−1.2(D/1km) Gyr. The quoted uncertainty is that which
makes χ2ν 10% greater than the minimum. The other two plots in
Fig. 6, < H > vs. I and the SFD, depend on both loss mechanisms.
In Fig. 6, we assume that rotational disruption is the dominant non-
Yarkovsky loss mechanism and that β = 2.0. By setting α = 1.0,
TY = 13.4 Gyr and β = 2.0, we can remove the < I > vs. H plot
from our χ2 analysis and focus on the roles of TL and b . We find
that the minimum χ2ν (the mean χ
2
ν of the other two plots) occurs
at b = 0.55 and TL = 2.2
+0.3
−0.2 (Table B2). Again, the uncertainty is
that which makes χ2ν 10% greater than the minimum. The effect of
changing the value of b is illustrated in Fig. 7.
Figure 6a shows that in the range 16.5 > H > 14, the
Yarkovsky loss mechanism is dominant. Therefore, we now con-
sider a model with Yarkovsky loss alone. For any given α there is a
corresponding TY that yields the minimum χ
2
ν in the plot of < I >
vs. H (Fig. 6c), leaving only one free parameter, b, in the other
two plots: SFD and < H > vs. I . In Table B3, the best-fitting b
that minimizes the mean χ2ν from these two plots is listed for each
combination of α and TY given in Table B1. Figure 8 shows the
best-fitting Yarkovsky-only model. Compared with the best-fitting
two-mechanisms model, the Yarkovsky-only model tends to overes-
timate the number of small asteroids. Note that data with H > 16.5
are not included in the calculation of χ2ν . The data for H > 16.5
are not complete and we will have more decisive information on
the timescale of the non-Yarkovsky loss mechanism when the com-
pleteness limit is extended to, say, H ∼ 18. Figure 9 shows that the
fit at high H can be improved by using different values of b and α.
4 THE AGE OF THE VESTA FAMILY
The inclination distributions of the major families in the IMB are
narrow and not determined by the effects of Yarkovsky forces. How-
ever, the loss of asteroids through orbital evolution has a significant
influence on their SFDs. The Massalia family is young (Spoto et al.
2015) and for asteroids with H > 14 its SFD is linear on a log-log
scale (Fig. 3). The Flora family (Nesvorný et al. 2002) and theNysa-
Polona-Eulalia family (Walsh et al. 2013) are complex groups con-
sisting of several sub-families and the interpretation of their SFDs
is not simple. The Vesta family, formed by the impact that created
the giant Rheasilvia basin (Marchi et al. 2012), is less complex and
we show here that its non-linear SFD, for H > 14, is partly deter-
mined by the loss of small asteroids due to orbital evolution. To
estimate the age of the Vesta family from the shape of the SFD, we
introduce the age, tVesta as a model parameter. We keep the initial
slope of the SFD, b as a free parameter, but set α = 1.0, β = 2.0,
and TY , TL to the best-fitting values derived from the models for
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Figure 9. The panels are the same as those shown in Fig. 6. Here we model the loss of all the non-family asteroids in the IMB due a Yarkovsky force alone.
This model is similar to that in Fig. 8, but the different initial choices of b and α, result in a different best-fitting value for TY .
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Figure 10. Panel A: Model for the loss of the Vesta family asteroids due to (a) a Yarkovsky force that changes the semimajor axis on a timescale TY and (b) due
to all other loss mechanisms that do not depend on the proper inclination (timescale TL ). α and β describe the dependence of these timescales on the asteroid
diameter, D, b is the slope of the initial SFD and c is a normalizing constant that determines the total number of asteroids in the distribution. The magenta
curve shows the SFD at time zero and the blue curve the SFD after 4.4 Gyr of evolution. The green and orange curves show, respectively, the total number of
asteroids lost through the resonances and the total number lost through the other loss mechanisms. Panel B: Comparison of the model SFD with the observed
SFD.
the high-inclination (I > 9), non-family asteroids. The best-fitting
model for the Vesta family has b = 0.65 and tVesta = 4.4
+0.2
−0.21 Gyr
(Fig. 10 and Table B4). We also fit the Vesta family SFD using the
Yarkovsky-only model. In this case, we set all three parameters (
b, α andTY ) to their best-fitting values as shown in Table B5, leaving
tVesta as the only free parameter. We find that the one-mechanism
model also reproduces the data very well and gives a similar esti-
mate of tVesta = 4.0
+0.0
−0.2 Gyr (Fig. 11 and Table B5). However,
all of the one-mechanism models that reproduce the observations
reasonably well have to assume a comparatively high value of α.
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Figure 12. Panel A: The black histogram shows the observed distribution of the high-inclination (I > 9) non-family asteroids with H < 16.5. The red
histogram shows the initial distribution of the high-inclination asteroids in the model shown in Fig. 6. The initial distribution of the model is set by the shape
of the ν6 secular resonance (the smooth, normalized magenta curve). Specifically, the total number of asteroids, at a given inclination, is proportional to
the distance between the ν6 secular resonance and the 3:1 Jovian mean motion resonance. The blue histogram shows the distribution of the high-inclination
(I > 9) non-family asteroids after 4.6 Gyr of evolution. Panel B: Difference between the predicted and observed distributions of the high-inclination (I > 9)
non-family asteroids after 4.6 Gyr of evolution. The magnitude of the largest deviation is 16% of the expected number. Panel C: A scatter plot of the proper e
and the proper I of the high-inclination (I > 9) non-family asteroids. The cluster observed at I = 12 deg and e = 0.16 is a suspected ghost family.
5 DISCUSSION
The first explanation proposed for the size-inclination correlation
observed in the IMB was based on the possible existence of a
few ghost families with differing SFDs (Dermott et al. 2018). This
explanation implies that the initial number of asteroids in the IMB
was small (∼ 10) and thus that the number of meteorite sources
in the IMB is correspondingly small. It also implies that the IMB
asteroids were formed big and that the present mass of the belt is not
much less than the initialmass.While this explanation is valid in that
it can account for a correlation, it does not predict the correlation
actually observed, and it does not account for the observed non-
linear SFDs of the major families. However, it is possible that this
explanation is compatible with the new explanation proposed here.
Our current model is based on an asteroid distribution that was
initially uniform in a-I space. In Fig. 12a, we compare the initial
SFDand the final SFD after 4.6Gyr of orbital evolution and observe
that 80% of the asteroids in the initial distribution have been lost. In
Fig. 12b, we show the observed deviations from the predicted final
distribution. The largest of these deviations is 16%. In Fig. 12c, we
show the distributions of the proper eccentricities and inclinations
of the high-inclination, non-family asteroids in the IMB. This plot
shows some structure, a lack of asteroids in the strip from roughly
e = 0.16, I = 10 deg to e = 0.24, I = 13 deg and/or hints of
ghost families with mean inclinations ∼ 12.5 deg and ∼ 9.5 deg
that match the small deviations shown in Fig. 12b. While ghost
families would have been initially clustered in a-e-I space, any
clustering in semimajor axis would have been lost through orbital
evolution and any clustering in eccentricity is not relevant to our
model. Thus, it is possible that the high-inclination IMB asteroids
are remnants of ghost families and that our new model for the
loss of the small asteroids in those families, that is based on an
initial uniform distribution, is only a first-order approximation. In
Fig. 13, we show the variation of the mean proper eccentricity
of the high-inclination (I > 9), non-family asteroids with absolute
magnitude,H < 16.5. There are significant variations from the near-
flat distributions that also hint at the existence of ghost families, but
these deviations do not appear to be large enough to influence our
analysis.
The explanation we propose here for the observed size-
inclination correlation is based on the special dynamical circum-
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Figure 13. Panel A: Variation of the mean proper eccentricity of the high-
inclination (I > 9), non-family asteroids with absolute magnitude, H . The
data is shown binned in H , but the slope has been determined from the
individual points. Panel B: Variation of the mean absolute magnitude, H of
all the non-family asteroids in the IMBwith proper eccentricity, e. In contrast
to panel A, the data in panel B are shown binned in proper eccentricity, e.
stances of the IMB and if the timescales, particularly the Yarkovsky
timescale, are appropriate, the dynamical evolution we have de-
scribed is inevitable. However, the Yarkovsky timescale of 13.4
Gyr, that we have derived from the observations, is about 4 times
longer than the timescale suggested by the NEA observations. We
have also calculated the age of the Vesta asteroid family. While this
age is less than the age of the solar system, and is therefore a possi-
bility, it is also about 4 times longer than the age, ∼ 1 Gyr, obtained
from Vesta surface crater counts (Marchi et al. 2012). While we
have stated that it is the small asteroids that have been preferentially
removed from the high-inclination orbits, a more exact statement
would be that it is the asteroids with highest rates of change of
semimajor axis that have been removed. This rate is strongly de-
pendent on asteroid size, but other factors such as bulk density,
spin pole obliquity, rotational period and Yarkovsky efficiency are
also involved. The asteroids that survive after 4.6 Gyr of orbital
evolution could be those with the largest Yarkovsky timescales and
this may partly account for the timescale discrepancies. However,
other possibilities are that we have not allowed for the collisional
evolution of the asteroids or for changes in their spin directions.
Because of collisional evolution, all the small asteroids that we
observe now have probably spent a significant fraction of their life-
times inside considerably larger asteroids. This would result in a
lower average evolution rate and factoring that into our calcula-
tions would decrease the Yarkovsky timescales. It is also possible
that the spin directions of the asteroids have changed due to col-
lisions and, more importantly, due to YORP-induced spin reversal
(Farinella et al. 1998; Jacobson et al. 2014) with the result that the
sense of orbital evolution, either towards or away from the Sun, has
not been constant and this would also result in a lower rate of orbital
evolution.
Progress with separating the non-Yarkovsky timescale from
the Yarkovsky timescale may be made in the future by an analysis
of the dynamics of the 1M − 2A mean motion resonance at 2.418
au, where M and A are, respectively, the mean motions of Mars
and an asteroid. Gallardo et al. (2011) have shown that, in contrast
to the Kirkwood gaps in the distribution of the semimajor axes of
the asteroids in the main belt that display a lack of asteroids, the
1:2 Martian mean motion resonance has a large excess of aster-
oids. We consider that this excess is due to a competition between
the poorly known Yarkovsky forces that drive the asteroids towards
the resonance, where they are temporarily captured, and the known
gravitational forces of the planets that determine the lifetimes of the
asteroids in the resonance (Dermott et al., in preparation). An anal-
ysis of the dynamics of this resonance could lead to an independent
determination of the Yarkovsky timescale.
We have also given an estimate of the non-Yarkovsky timescale,
but this is poorly constrained by our models because observations of
the very small asteroids in the IMB with H > 16.5 are incomplete.
We anticipate some 100s of thousands of high-quality orbits at the
GAIAData Release 3 in late 2021. This may allow direct Yarkovsky
detection for main belt asteroids (Spoto et al. 2018) to compare with
our results. Future observations from theVeraC. Rubin Observatory
are also expected to extend the completeness limit of the IMB.
Finally, we note that our models imply that the initial asteroid belt
(at least the IMB) may have been, with respect to asteroid numbers,
only 5× larger than the present belt, but little different with respect
to the total mass. Our models also imply that the belt is not in
collisional equilibrium. The number of small asteroids rises and
falls in a stochastic manner as large asteroid families form and then
decay due to orbital evolution. This implies that calculations of the
ages of surfaces in the solar system by crater counting methods that
presume a steady flux of small impactors from the asteroid belt
probably give misleading results.
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APPENDIX A: CHAOTIC EVOLUTION OF THE
ORBITAL INCLINATIONS
The orbital elements of main belt asteroids osculate due to the
gravitational pull of the planets. These short-term variations are
periodic and produce no net changes in the orbits. Chaotic evolution
induces slower, gradual changes in the proper semimajor axis ap ,
eccentricity ep and inclination Ip of the orbits, which can be thought
of as the long-term averages of the respective osculating elements.
Here, we show that asteroids with Ip > 9 deg do not originate from
the Nesvorný major families. Specifically, we show that asteroids
from the Vesta family, that has the highest Ip of all the major inner
belt families, have not diffused into the Ip > 9 deg group.
We generated osculating elements for two sets of test particles
with user-defined ep & Ip. Set #1 was placed just outside the 1M-2A
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Figure A1. Evolution of the standard deviation of the proper inclination for
two sets of test particles within theVesta family, one started inside (red curve)
and the other outside (black curve) the 1M-2A mean motion resonance and
integrated for 108 yr from the present (t = 0). The dashed lines represent
fits to the data from t = 107 yr until t = 108 yr . The fitted functions were of
the form log10 σ(t) = c+b log10(t). For the resonant group, b = 0.466 and
c = −4.36. For the non-resonant set, b = 0.121 and c = −2.64. Horizontal
lines represent: 1× and 3× multiples of the population standard deviation
of asteroid orbits, calculated over all Vesta family asteroids (Dermott2018);
and the nominal value of σ(I ) where a Vesta family asteroid, starting from
Ip = 6.6 deg at t = 0, will reach Ip = 9 deg. The shaded box has been
added to highlight the dispersion of resonant asteroids at t = 1− 4× 109 yr
(0.7−1.3 deg), compared to the 1σ width of the Vesta family (∼ 0.3 deg).
mean motion resonance with ep = 0.10, Ip = 6.6 deg, values that
correspond to the averages of the asteroids in the Nesvorný Vesta
family (Milani1988). M and A are, respectively, the mean motions
of Mars and an asteroid. Set #2 was placed inside the resonance
with ep = 0.10 & Ip = 6.6 deg. Each of the two sets of 400 par-
ticles were integrated for 108 yr from the present using the orbit9
(Nesvorný2015,Milani1988), code with amaximum step-size of 0.2
yr and an output step of 104 yr. Starting conditions for the parti-
cles and the solar system model that determines the gravitational
perturbations of the particles were chosen as in our previous work
(dermott2018). The inclination dispersion was evaluated from the
simulation output using the time-dependent quantity
σ
(
I(t)) =
√( 1
N − 1
) ∑ (
Ip,i(t) − Ip,0(t)
)2 (A1)
where N is the number of particles within each set and i is an index
running through the particles. We calculate Ip,i(t) by averaging the
integration output every 32 samples or 3.2× 105 yr for the resonant
set and 128 samples or 1.3 × 106 yr for the non-resonant set.
Supplementary Fig. A1 shows σ
(
I(t)) for these two sets. The
dashed lines represent extrapolations of power-law fits to the sim-
ulation data, omitting the first 107 yr. The extrapolations predict
values of 0.68 deg after 109 yr, 0.94 deg after 2 × 109 yr and
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1.30 deg after 4 × 109 yr for the resonant particles. In contrast, the
dispersion of non-resonant particles after 4 × 109 yr is 0.033 deg.
The dispersion for resonant and non-resonant particles should
bracket the growth of the standard deviation of Ip for the Vesta
family asteroids. We assume here that the proper inclinations Ip(t)
of each set of asteroids follow a gaussian distribution. Then, if the
Vesta family is ∼ 4 Gyr, 3.2% of family asteroids will achieve
Ip > 9 deg. For an age of ∼ 2 Gyr, 0.5% will have Ip > 9 deg
and, finally, for an age of ∼ 1 Gyr, only 0.02% will have Ip > 9
deg. The actual dispersion will generally be different, because the
family had a finite width in Ip to start with and the actual growth
of the standard deviation will lie somewhere between the red and
black curves. It seems likely, however, that no more than a few %
of Vesta family members have diffused to orbits with Ip > 9 deg.
To estimate the degree of contamination of high-Ip asteroids
by Vesta family asteroids, we consider that the 1M-2A resonance
extends across 4 × 10−3 au or ∼ 2% of the width of the Vesta
family. Therefore, the number of family asteroids injected into high-
Ip orbits over 4 Gyr is 0.02 × 0.032 × 9, 667 ∼ 6 or ∼ 0.1%
(6/4414) of non-family Ip > 9 deg. This is a lower limit because
Yarkovsky radiation forces continuously inject new asteroids into
the resonance, however the observed dispersion of the family (see
Fig. A1) suggests that resonances alone do not drive Ip evolution
for Vesta family asteroids.
APPENDIX B: THE MODELS
Wecompute howmanyasteroids are lost by the two lossmechanisms
over 4.6Gyr by a population of asteroids with a uniform distribution
in the a-I space at the initial time, t0. To set up the model, consider
a region in the a-I space bounded by
Imax = 16 deg
Imin = 0 deg
amax = 2.487 au
amin = ν6(I)
Divide the above region into small horizontal strips of width
dI = 0.1 deg. Set the initial SFD of the top strip (15.9 < I < 16.0)
to be
log dN = bH + c, (B1)
where dN is the number of asteroids in a small bin, dH = 0.1. All
other strips at I < 15.9 deg, have the same initial SFDs with the
same slope b, but the scaling factor c varies so that the number
density distribution is initially uniform in the a-I space over the
region defined above. In other words, the total number of asteroids
in each horizontal strip (i.e., the integral of equation B1 over 12 <
H < 20) is proportional to the strip length L:
L(au) = 2.487 − ν6(I). (B2)
We consider two loss mechanisms in our model. The first one is
theYarkovsky radiation forcewhich, depending on the spin direction
of the asteroid, expands or contracts the orbit. Once an asteroid
reaches the ν6 secular resonance or the 3:1 Jovian mean motion
resonance, it escapes from the IMB. The change in the semimajor
axis, ∆a, due to the Yarkovsky effect over a short period of time ∆t,
is described by
1
a
∆a
∆t
=
1
TY
( 1 km
D
)α
, (B3)
where D is the diameter of an asteroid given by
D(km) = 1329 × 10
−H/5
√
A
, (B4)
and we assume an albedo, A of 0.13. Consider a cell of dI × dH, the
number of asteroids escaping (in both directions) due to Yarkovsky
forces during ∆t is
∆N =
N × ∆a
L
, (B5)
where N is the number of asteroids from the previous step. The
second loss mechanism, that depends on D, but does not depend on
the inclination, is described by
1
N(D)
∆N(D)
∆t
= − 1
TL
(1 km
D
)β
. (B6)
To summarize, there are five free parameters in the model: b,
α, TY , β, and TL .
Note that the scaling factor c in equation B1 is not a free
parameter but a function of other parameters. Its value is determined
by comparing the model with the data. Specifically, we adjust c so
that the final model SFD (for example, Fig. 6b in the main text)
matches the observed SFD at H = 14. Furthermore, notice that
∆N/N is a relative quantity in both equations B5 and B6, and
therefore the evolution of N does not depend on the absolute value
of c. We can set up the model with any value of c and calibrate it at
the end of the simulation.
To find out how many asteroids are lost over 4.6 Gyr, we
compute ∆N in a series of small steps (∆t = 0.1 Gyr). In each step,
we compute the Yarkovsky loss first, the result from which is then
used as the input for computing the non-Yarkovsky loss. We find
that using smaller steps (∆t < 0.1 Gyr) or changing the order of
computation in each step has no impact on the results.
To quantify the goodness of fit, we compare the model with
data in three different plots:
SFD (e.g., Fig. 6b)
< I > vs. H (e.g., Fig. 6c)
< H > vs. I (e.g., Fig. 6d)
and get three measures of χ2ν . However, to find the best fit model
through a global χ2ν minimization, one needs to weigh three mea-
sures of χ2ν , a process that is unavoidably arbitrary to some degree.
Instead, we search for the best-fitting parameters by inspecting each
plot separately.
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Table B1. Best fit for the Yarkovsky loss timescale, TY .
α TY (Gyr) χ2ν
0.6 20.3+2.0−1.8 1.01
0.7 18.2+1.8−1.5 0.94
0.8 16.4+1.6−1.4 0.90
0.9 14.8+1.5−1.3 0.88
1.0 13.4+1.4−1.2 0.89
1.1 12.1+1.2−1.0 0.91
1.2 11.0+1.1−0.9 0.95
1.3 10.0+1.1−0.9 1.01
1.4 9.1+1.0−0.8 1.08
1.5 8.3+0.9−0.8 1.17
1.6 7.6+0.9−0.8 1.26
1.7 6.9+0.9−0.7 1.37
1.8 6.4+0.8−0.7 1.49
1.9 5.8+0.8−0.6 1.61
2.0 5.3+0.8−0.6 1.74
Note: χ2
ν
is calculated in plot of < I > vs. H , Fig. 6c.
Table B2. Best fit for the non-Yarkovsky loss timescale, TL .
α TY (Gyr) β b TL (Gyr) χ2ν
1.0 13.4 2.0
0.5 7.4+5.5−2.2 2.01
0.55 2.2+0.3−0.2 1.87
0.6 1.3+0.1−0.1 2.00
0.65 1.2+0.1−0.0 5.58
0.7 1.1+0.1−0.0 14.3
0.75 1.0+0.1−0.0 26.5
0.8 0.9+0.1−0.0 40.3
Note: χ2
ν
is the mean χ2
ν
of the SFD plot and the plot of < H > vs. I ,
Fig. 6b, d.
Table B3. Best fit for the Yarkovsky loss timescale, TY assuming Yarkovsky
loss only.
α TY (Gyr) b χ2ν
0.6 20.3 0.42+0.01−0.01 2.93
0.7 18.2 0.43+0.01−0.01 2.67
0.8 16.4 0.45+0.01−0.01 2.43
0.9 14.8 0.47+0.01−0.01 2.31
1.0 13.4 0.48+0.01−0.01 2.15
1.1 12.1 0.50+0.01−0.01 2.13
1.2 11.0 0.51+0.01−0.01 2.03
1.3 10.0 0.52+0.01−0.01 2.00
1.4 9.1 0.53+0.01−0.01 2.00
1.5 8.3 0.54+0.01−0.01 2.05
1.6 7.6 0.55+0.01−0.01 2.11
1.7 6.9 0.56+0.01−0.01 2.24
1.8 6.4 0.57+0.01−0.01 2.36
1.9 5.8 0.58+0.01−0.01 2.57
2.0 5.3 0.58+0.01−0.01 2.83
Note: χ2
ν
is the mean χ2
ν
of the SFD plot and the plot of < H > vs. I ,
Fig. 8b, d.
Table B4. Age of the Vesta family from the two-mechanism model.
b α TY (Gyr) β TL (Gyr) TVest a (Gyr) χ2ν
0.5
1.0 13.4 2.0
7.4 3.2+0.5−0.5 14.3
0.55 2.2 3.5+0.3−0.3 10.8
0.6 1.3 3.7+0.2−0.2 8.15
0.65 1.2 4.4+0.2−0.1 6.55
0.7 1.1 4.7+0.0−0.1 7.34
0.75 1.0 4.8+0.0−0.1 14.9
0.8 0.9 4.7+0.0−0.1 35.4
Note: χ2
ν
is calculated in the SFD plot, Fig. 10b.
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Table B5. Age of the Vesta family from the one-mechanism model.
α TY (Gyr) b TVest a (Gyr) χ2ν
0.6 20.3 0.42 1.5+1.1−1.1 19.2
0.7 18.2 0.43 1.8+0.9−0.9 18.7
0.8 16.4 0.45 2.4+0.8−0.8 17.7
0.9 14.8 0.47 2.9+0.7−0.7 16.6
1.0 13.4 0.48 3.0+0.6−0.6 15.8
1.1 12.1 0.50 3.4+0.5−0.6 14.4
1.2 11.0 0.51 3.5+0.5−0.5 13.5
1.3 10.0 0.52 3.6+0.4−0.5 12.5
1.4 9.1 0.53 3.7+0.4−0.4 11.6
1.5 8.3 0.54 3.8+0.3−0.4 10.6
1.6 7.6 0.55 3.9+0.3−0.4 9.65
1.7 6.9 0.56 3.9+0.4−0.3 8.76
1.8 6.4 0.57 4.1+0.2−0.3 7.92
1.9 5.8 0.58 4.2+0.0−0.3 7.18
2.0 5.3 0.58 4.0+0.0−0.2 6.87
Note: χ2
ν
is calculated in the SFD plot, Fig. 11b.
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